Abstract: This paper presents a revised procedure for computation of double-K fracture parameters of concrete split-tension cube specimen using weight function of the centrally cracked plate of finite strip with a finite width. This is an improvement over the previous work of the authors in which the determination of double-K fracture parameters of concrete for split-tension cube test using weight function of the centrally cracked plate of infinite strip with a finite width was presented. In a recent research, it was pointed out that there are great differences between a finite strip and an infinite strip regarding their weight function and the solution of infinite strip can be utilized in the split-tension specimens when the notch size is very small. In the present work, improved version of LEFM formulas for stress intensity factor, crack mouth opening displacement and crack opening displacement profile presented in the recent research work are incorporated. The results of the double-K fracture parameters obtained using revised procedure and the previous work of the authors is compared. The double-K fracture parameters of split-tension cube specimen are also compared with those obtained for standard three point bend test specimen. The input data required for determining double-K fracture parameters for both the specimen geometries for laboratory size specimens are obtained using well known version of the Fictitious Crack Model.
Abbreviations

CBM
Maximum crack opening displacement at the crack-tip for which the cohesive stress becomes equals to zero a Ratio of crack length to depth of specimen (a/ D) b
Ratio of load-distributed to height of specimen (2t/h = t/D) for split tension cube specimen r Cohesive stress t The Poisson's ratio r s (CTOD c ) Cohesive stress at the tip of initial notch corresponding to CTOD c
Introduction
It is well known that fracture parameters of quasibrittle material like concrete cannot be determined by directly applying the concepts of linear elastic fracture mechanics (LEFM) because of the existence of large and variable size of fracture process zone (FPZ) ahead of a crack-tip. In order to account for and characterize FPZ in the analysis, several non-linear fracture mechanics models have been developed which primarily involve cohesive crack model (CCM) or fictitious crack model (FCM) (Hillerborg et al. 1976; Modeer 1979; Petersson 1981; Carpinteri 1989; Planas and Elices 1991; Zi and Bažant 2003; Roesler et al. 2007; Park et al. 2008; Zhao et al. 2008; Kwon et al. 2008 , Cusatis and Schauffert 2009 , Elices et al. 2009 Kumar and Barai 2008b, 2009b ) and crack band model (CBM) (Bažant and Oh 1983) , two parameter fracture model (TPFM) (Jenq and Shah 1985) , size effect model (SEM) (Bažant et al. 1986 ), effective crack model (ECM) (Nallathambi and Karihaloo 1986) , K R -curve method based on cohesive force distribution Reinhardt 1998, 1999a) , double-K fracture model (DKFM) (Xu and Reinhardt 1999a, b, c) and double-G fracture model (DGFM) (Xu and Zhang 2008) .
In recent time, much of research and studies Reinhardt 1999a, b, c, 2000; Zhao and Xu 2002; Zhang et al. 2007; Xu and Zhu 2009; Kumar and Barai 2008a , 2009a Kumar 2010; Zhang and Xu 2011; Kumar and Pandey 2012; Murthy et al. 2012; Ince 2012; Kumar et al. 2013; Choubey et al. 2014; Kumar et al. 2014 ) have been carried out to determine and characterize the fracture parameters of concrete using double-K fracture model for which the reasons are obvious (Kumar et al. 2013 ). The double-K fracture model is characterized by two material parameters: initial cracking toughness K IC ini and unstable fracture toughness K IC un . The initiation toughness is defined as the inherent toughness of the materials, which holds for loading at crack initiation when material behaves elastically and micro cracking is concentrated to a smallscale in the absence of main crack growth. It is directly calculated by knowing the initial cracking load and initial notch length using LEFM formula. The total toughness at the critical condition is known as unstable toughness K IC un which is regarded as one of the material fracture parameters at the onset of the unstable crack propagation and it can be obtained by knowing peak load and corresponding effective crack length using the same LEFM formula. Recently, Kumar and Pandey (2012) presented the formulation and determination of double-K fracture parameters using splittension cube test specimen using weight function method in which the LEFM formulas for stress intensity factor (SIF), crack mouth opening displacement (CMOD) and crack opening displacement (COD) profile derived by Ince (2010) and the universal weight function of Wu et al. (2003) were adopted. The authors (Kumar and Pandey 2012) mentioned that there are several advantages of using split-tension cube (STC) test specimen over the testing of other specimens like three point bend test (TPBT), compact tension (CT) and wedge splitting test (WST) specimens. However, there should be a limitation that the notch can be only produced at the time of casting of concrete cubes (pre-cast notch) in the split tension cube specimen. The authors also presented the results of the initial cracking toughness, cohesive toughness and unstable fracture toughness obtained using split tension cube test specimen and they were compared with those obtained using standard compact tension specimen. From the study it was concluded that the double-K fracture parameters as obtained using split-tension cube test are in good agreement and consistent with those as calculated using standard compact tension specimen. However, the results of fracture parameters are influenced by the distributed-load width during the loading of split-tension cube specimen and it was observed that the values of unstable fracture toughness and cohesive toughness increase with increase in the distributedload width whereas the initial cracking toughness is not significantly affected by the distributed-load width. In the formulation, the authors (Kumar and Pandey 2012) used the weight function of the centrally cracked infinite strip with a finite width specimen (Tada et al. 2000) and the equivalent four terms of universal weight function (Wu et al. 2003) for computing the value of cohesive toughness and consequently determining the initial cracking toughness. Later, Ince (2012) put forward a method for determination of double-K fracture parameters using weight function for split-tension specimens such as splitting tests on cubical, cylindrical and diagonal cubic concrete samples. The author pointed out that there are great differences between a finite strip and an infinite strip regarding their weight function and the solution of infinite strip can be utilized in the split-tension specimens when the notch size is very small. It was concluded that the central cracked plate can be considered as an infinite strip when the length/width (l/D) ratio of a plate is equal or greater than 3 (Isida 1971 , Tada et al. 2000 . In case of a cube-split tension test specimen the value of the length/ characteristic dimension (l/D) ratio is taken to be 1 for which Ince (2012) derived the four term universal weight function using boundary element method and finite element method. The author also presented the improved version of LEFM formulas for stress intensity factor, CMOD and COD profile over the previously derived LEFM equations by the same author (Ince 2010) for split tension cube test specimen. In view of the above development, it was felt necessary to carry out a comparative study on the double-K fracture parameters computed using the procedure outlined by Kumar and Pandey (2012) and using the weight function of the centrally cracked plate of finite strip with a finite width incorporating the improved version of LEFM formulas for stress intensity factor, CMOD and COD profile derived by Ince (2012) .
The paper presents the revised procedure for determination of double-K fracture model using weight function method for the split-tension cube specimen of concrete considering improved LEFM formulas for stress intensity factor, CMOD and COD profile and the weight function of the centrally cracked plate of finite strip with a finite width derived by Ince (2012) . The results of the fracture parameters obtained using revised procedure and the previous work of Kumar and Pandey (2012) are compared. Further, the double-K fracture parameters of split-tension cube specimen are also compared with those obtained for standard three point bend test specimen. The input data required for determining for split-tension cube test and three point bend test for laboratory size specimens are obtained using well known version of the fictitious crack model.
Dimensions of Test Specimens
For present investigation, the standard test geometries, dimensions and loading conditions for STC and TPBT specimens are considered as shown in Fig. 1 . The symbols in Fig. 1(a) : a o , D, h and t are half of the initial notch-length, characteristic dimension as specimen size (D = h/2), height or total depth and half of the width of distributed load respectively for STC geometry. RILEM Technical Committee 50-FMC (1985) has recommended the guidelines for determination of fracture energy of cementitous materials using standard three-point bend test on notched beam. This method has been widely used for determination of fracture energy of concrete with certain modification in the experimental setup (Lee and Lopez 2014) . In present study, standard three-point bend test (RILEM Technical Committee 50-FMC 1985) is considered for which the symbols: B, D and S in Fig. 1b are the width, depth and span respectively with S/D = 4.
Determination of Double-K Fracture
Parameters for STC Specimen
Assumptions
Linear asymptotic superposition assumption is considered to introduce LEFM for calculating the double-K fracture parameters. The hypotheses of the assumption are given below: 1. the nonlinear characteristic of the load-crack mouth opening displacement (P-CMOD) curve is caused by fictitious crack extension in front of a stress-free crack; and 2. an effective crack consists of an equivalent-elastic stress-free crack and equivalent-elastic fictitious crack extension.
A detailed explanation of the hypotheses may be seen elsewhere (Xu and Reinhardt 1999b) .
Effective Crack Extension
For the applied load ( Fig. 1) on the STC specimen, the critical value of CMOD (CMOD c ) is measured across the crack faces at the centre of specimen. The P-CMOD curve up to peak load for this test geometry should be known a priori for determining the value of effective crack extension during the crack propagation. Using linear asymptotic superposition assumption, the equivalent-elastic crack length a c corresponding to maximum load P u is solved using the revised LEFM formulae (Ince 2012) . Hence, the CMOD is expressed as:
In which a = a/D, b is the relative load-distributed width and expressed as b = 2t/h = t/D, V(a,b) is dimensionless geometric function, coefficients B i (i = 0 to 5) are the function of b as given in Table 1 . Equation (2) is valid for 0.1 B a B 0.9 within 0.3 % accuracy for 0 B b B 0.2. The modulus of elasticity of concrete (E) obtained using cylinder test is taken as a constant value for a particular concrete mix. Ince (2012) used boundary element numerical method to improve the LEFM formulas over the previous LEFM formulas (Ince 2010) for the split tension cube specimens which was based on centrally cracked infinite strip with a finite width specimen. Equation (2) and Table 1 used in the present study are extracted by Ince (2012) from the numerical results based on centrally cracked finite strip with a finite width specimen. Since the values of coefficients B i (Table 1) are given (Ince 2012) at discrete intervals, these coefficients can be determined by linear interpolation at any value of b for the given range 0 B b B 0.2. Also, the nominal stress for STC test specimen in Eq. (1) can be written using the following formula (Timoshenko and Goodier 1970) .
At critical condition that is at maximum load P u the half of crack length a becomes equal to a c and r N to r Nu in which r Nu is the maximum nominal stress. Karihaloo and Nallathambi (1991) concluded that almost the same value of E might be obtained from P-CMOD curve, loaddeflection curve and compressive cylinder test. Hence, in case that is not known the value of E determined using compressive cylinder tests may be used to obtain the critical crack length of the specimen.
Calculation of Double-K Fracture Parameters
A linearly varying cohesive stress distribution is assumed in the fictitious crack zone, which gives rise to cohesion toughness as a part of total toughness of the cracked body. Superposition method is used in order to calculate the stress intensity factor (SIF) at the tip of effective crack length K I . According to this method, total stress intensity factor K I is taken as the summation of stress intensity factor caused due to external load K I P and stress intensity factor contributed by cohesive stress K I C-as shown in Table 1 The values of coefficients A i and B i for split-tension cube specimen (Ince 2012) . 
After determining the critical effective crack extension at unstable condition of loading, the unstable fracture toughness K IC un is determined using the revised LEFM formulae (Ince 2012) for which the stress intensity factor is expressed as:
where k(a, b) is a geometric factor and coefficients A i (i = 0-5) are the function of b as summarized in Table 1 .
Equation (6) yields results within 0.7 % accuracy for 0.1 B a B 0.9 and 0 B b B 0.2. Within the range of 0 B b B 0.2, any value of coefficients A i can be determined by linear interpolation. The unstable fracture toughness K IC un is calculated using Eq. (5) at maximum load P u when a becomes equal to a c and r N to r Nu . If the crack initiation load P ini is known from experiment, the initiation toughness K IC ini is calculated using Eq. (5) in which P is equal to P ini and a is equal to a o . Alternatively, it can be determined analytically by applying the following relation.
Equation (7) is known as inverse method for determining the initiation toughness.
Determination of SIF Due to Cohesive Stress 4.1 Cohesive Stress Distribution
The cohesive stress acting in the fracture process zone on STC test specimen is idealized as series of pair normal forces subjected symmetrically to central cracked specimen of finite strip and a finite width as shown in Fig. 3 . The linearly varying distribution of cohesive stress is also shown in Fig. 4 .
A centrally cracked specimen with finite strip of a finite width plate subjected to pair of normal forces as shown in Fig. 3 takes into consideration for a split tension test cube specimen where the value of the length/characteristic dimension (l/D) ratio becomes 1. The SIF due to cohesive stress distribution as shown in Fig. 4 becomes to cohesive toughness K IC C of the material at the critical loading condition with negative value because of closing stress in fictitious fracture zone. However, the absolute value of K IC C is taken as a contribution of the total fracture toughness (Xu and Reinhardt 1999b) at the critical condition.
At this loading condition, the crack-tip opening displacement (CTOD) is termed as critical crack-tip opening displacement (CTOD c ). In Fig. 4 , the r s (CTOD c ) is cohesive stress at the tip of initial notch where CTOD is equal to CTOD c and then r(x) can be expressed as: 
The value of r s (CTOD c ) is calculated using softening functions of concrete. In the present work, the nonlinear softening function (Reinhardt et al. 1986 ) is used for the computation which can be expressed as:
The value of total fracture energy of concrete G F is expressed as:
In which, r(w) is the cohesive stress at crack opening displacement w at the crack-tip and c 1 and c 2 are the material constants. Also, w = w c for f t = 0, i.e., w c is the maximum crack opening displacement at the crack-tip at which the cohesive stress becomes to be zero. The value of w c is computed using Eq. (10) for a given set of values c 1 , c 2 and G F . For normal concrete the value of c 1 and c 2 is taken as 3 and 7, respectively.
Determination of CTOD c
For a given value of critical crack mouth opening displacement CMOD c , the crack opening displacement within the crack length COD(x) is computed using the revised expression (Ince 2012) as given below.
The accuracy of Eq. (11) is greater than 4 % for 0.1 B a B 0.9 and any value of b and is greater than 2.5 % for 0.1 B a B 0.6 and any value of b. The value of x is taken as a o and a as a c for evaluation of CTOD c using Eq. (11).
Calculation of Cohesive Toughness Using Weight Function Approach
According to weight function approach (Bueckner 1970 , Rice 1972 , the SIF for mode -I loading is given by following expression.
where r(x) is the distribution of stress along the crack line x in the uncracked body, the term m(x,a) is known as weight function, a is the crack length and dx is the infinitesimal length along the crack surface. The four term universal form of weight function (Glinka and Shen 1991 , Kumar and Barai 2008a , 2009a ) is written as:
For centrally through cracked specimen of infinite strip and a finite width subjected to pairs of normal forces symmetrically (Fig. 3) , the weight function as given by Tada et al. (2000) is expressed as:
Equation (14) as equivalently expressed in terms of universal weight function m(x,a) of Eq. (13) by Wu et al. (2003) was used by Kumar and Pandey (2012) in the previous formulation. In the present investigation the weight function parameters M 1 , M 2 and M 3 derived by Ince (2012) for the split tension cube specimen are used. According to Ince (2012) the parameters of four term weight function for a centrally through cracked specimen of finite strip and a finite width subjected to pairs of normal forces (Fig. 3) can be obtained as: Table 2 . The sixth degree polynomial (m i7 = 0) is used for M 2 . Equation (15) is valid for 0 B a/D B 0.9 and 0 B x/a 1 (exactly 0.993). The accuracy of Eqs. (13) and (15) is greater than 3 % for all the split-tension cube specimens. Once the weight function parameters are determined, Eq. (12) is used to calculate the SIF at critical condition (cohesive toughness) due to trapezoidal cohesive stress distribution as shown in Fig. 4 . The value of r(x) in Eq. (12) is replaced by Eq. (8), hence the closed form expression of K IC C can be obtained in the following form.
where, A 1 ¼ r s ðCTOD c Þ;
and s ¼ ð1À a o =aÞ, also a = a c at P = P u . After computing the value of K IC C using Eq. (16), initiation toughness can be evaluated using Eq. (7).
Fictitious Crack Model and Material Properties for Double-K Fracture Model
The cohesive crack model (Modeer 1979; Petersson 1981; Carpinteri 1989; Planas and Elices 1991; Zi and Bažant 2003; Roesler et al. 2007 , Park et al. 2008 Cusatis and Schauffert 2009; Elices et al. 2009; Kumar and Barai 2008b, b) is developed for STC and TPBT specimens to determine the input data such as P u and CMOD c for these specimens. Three material properties such as modulus of elasticity E, uniaxial tensile strength f t , and fracture energy G F are required to model FCM. In this method, the governing equation of COD along the potential fracture line is written. The influence coefficients of the COD equation are determined using linear elastic finite element method. Four noded isoparametric plane elements are used in finite element calculation. The COD vector is partitioned according to the enhanced algorithm introduced by Planas and Elices (1991) . Finally, the system of nonlinear simultaneous equation is developed and solved using Newton-Raphson method. For standard STC and TPBT specimens with B = 100 mm having size range D = 200-500 mm, the finite element analysis is carried out for which the one-quarter of STC and half of TPBT specimens are discretized due to symmetry as shown in Table 2 Coefficients m ij (j = 0-7) of the four term universal weight function parameters M 1 , M 2 and M 3 (Ince 2012 Table 3 .
Results and Discussion
The input parameters such as P u , CMOD c , E and softening function of concrete are required from the tests for determining double-K fracture parameters of concrete using weight function analytical method. In the present study, the values of E, f t , nonlinear softening function (Eq. (9)) as mentioned in Sect. 5 and the values of P u -CMOD c for STC and TPBT specimens obtained from FCM are used to determine double-K fracture parameters. The weight function method with four terms is applied to calculate double-K fracture parameters in which the value of critical crack extension a c is obtained using improved Eq. (1) for STC specimen. For given values of a c and CMOD c , the values of CTOD c are determined using revised Eq. (11). The values of a c and CTOD c are also determined using corresponding equations presented in the previous work of Kumar and Pandey (2012) which were based on LEFM equations given by Ince (2010) . The values of a c and CTOD c for TPBT specimen are determined as mentioned elsewhere (Kumar and Barai 2008a, 2010) . All the values of a c and CTOD c determined as above are plotted in Figs. 6 and 7, respectively. For determining the value of K IC C using weight function method, first of all the four parameters M 1 , M 2 and M 3 of four terms weight function are computed using Eq. (15) and Table 2 , then closed form expression (Eq. (16)) is used to obtain the value of K IC C and finally the K IC ini is determined using inverse procedure (Eq. (7)). For TPBT specimen, double-K fracture parameters are determined in a similar manner using four terms weight function method as mentioned elsewhere (Kumar and Barai 2008a, 2010 6, 7, 8, 9 and 10 marked with star (*) indicate the fracture parameters of the specimens determined using revised equations presented in this work whereas those legends with no mark with star (*) show the respective parameters of the specimens determined using the equations presented by Kumar and Pandey (2012) . From Figs. 6 and 7 it can be seen that the revised formulae and the previous LEFM equations (Kumar and Pandey 2012) yield the same results of critical values of effective crack length and crack tip opening displacement. These values for split tension cube specimen and three point bend test specimen also depend upon the size of the specimens and show similar pattern. The value a c /D decreases with the increase in specimen size whereas CTOD c increases with the increase in specimen size. From Fig. 6 it can be seen that for STC specimen these parameters also depend on distributed-load width and the a c /D ratio shows maximum deviation for STC specimen with b = 0.15 from those obtained for TPBT for a given specimen size. This deviation is more for the lower specimen size and seems to be converging at higher specimen size. Fig. 8 that there is relatively more difference in results of unstable fracture toughness between STC with b = 0 and TPBT. Therefore, in case STC specimen is adopted to replace TPBT to test unstable fracture toughness of concrete, the STC with b = 0.15 can be considered to be reasonable. That means the unstable fracture toughness of concrete can be determined using STC specimen.
The value of cohesive toughness obtained using equations presented elsewhere (Kumar and Pandey 2012) values either obtained using STC specimen or TPBT specimen are in consistent with each other. The effect of finite strip in the present revised work over the infinite strip (previous work of Kumar and Pandey (2012) C as obtained using finite strip is 2.14 and 3.29 % more than those obtained using infinite strip of plate for D = 500 mm and 200 mm respectively. Also, the values of K IC C as determined using finite strip of STC is 4.82 and 1.86 % less than those obtained using three point bend test specimen for D = 500 mm and 200 mm respectively. It is also observed from Fig. 9 that the size effect on the K IC C values for STC specimen is less significant than that presented for three point bend test.
It can be observed from obtained using finite strip is 6.21 and 5.96 % lower than those obtained using infinite strip of plate for D = 500 mm and 200 mm respectively. Also, the values of K IC ini as determined using finite strip of STC is 11.70 and 26.10 % less than those obtained using three point bend test specimen for D = 500 mm and 200 mm, respectively. According to the present trend, it seems that the difference in the value of K IC ini obtained between the STC and TPBT specimens may further increase for smaller size specimens such as 150 mm or 100 mm. As per the common convention, this difference should not be more than ±25 % in the fracture test which is a matter of further investigation. It is also seen from Fig. 10 that the size effect on the K IC ini values for STC specimen is less significant than that presented for three point bend test.
Conclusions
A revised formulation for determination of double-K fracture parameters using weight function method for split-tension cube test is presented in the paper. In the revised procedure, the weight function of the centrally cracked plate of finite strip with a finite width is used which is an improvement over the previous work of the authors. From the present study considering the specimen sizes (D = 200-500 mm) and distributed-load width (0 B b B 0.15) of split-tension cube test the following conclusions can be drawn.
• Use of weight function for split-tension cube test considering a centrally cracked plate of finite width with the finite strip or the infinite strip yields the same results of critical values of effective crack length, critical value of crack tip opening displacement and unstable fracture toughness of concrete.
• For all values of distributed load width (0 B b B 0.15), the values of cohesive toughness obtained considering the finite strip plate is slightly higher than those obtained considering the infinite strip plate. On an average cohesive toughness obtained using finite strip is 2.14 % and 3.29 % more than those obtained using infinite strip of plate for D = 500 mm and 200 mm, respectively • Consequently, on an average for all values distributed load width (0 B b B 0.15), the initial cracking toughness determined using finite strip is 6.21 and 5.96 % lower than those obtained using infinite strip of finite width plate for D = 500 mm and 200 mm respectively.
• The value of unstable fracture toughness determined using finite strip of split-tension cube specimen is the lowest for distributed-load width b = 0 and is the highest for b = 0.15 which is in close agreement with that obtained from three point bed test for all sizes of specimens. Also, on an average for all values of the distributed-load width, the values of cohesive toughness determined using finite strip of split-tension cube specimen is 4.82 and 1.86 % less than those obtained using three point bend test specimen for D = 500 mm and 200 mm respectively. Further, on an average for all values of distributed-load width, the values of initial cracking toughness determined using finite strip of splittension cube specimen is 11.70 and 26.10 % less than those obtained using three point bend test specimen for D = 500 mm and 200 mm, respectively.
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